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Abstract: By integrating phase transition theory and Takayanagi principle, we have 
developed a thermodynamic model to describe working mechanism and 
thermomechanical behavior of shape memory polymers (SMPs) with tunable 
multi-shape memory effect (multi-SME). Thermodynamics and state/phase transitions 
of different segments in the SMPs were modeled by considering their cooperative 
relaxation, which is defined as a process where a group of segments undergo 
relaxation simultaneously, based on the Takayanagi principle. Dependences of 
thermomechanical behavior of amorphous polymers on volume fraction, cooperative 
relaxation and glass transition temperatures of both hard and soft segments were 
theoretically investigated. Working mechanisms of the multi-SME and cooperative 
relaxation of the amorphous polymers have well been explained using this newly 
proposed model, which offers an effective approach for designing new SMPs with 
multi-segments.  
Keywords: shape memory polymer, dynamic response, multi-shape memory effect 
1. Introduction 
Shape memory polymers (SMPs) are one of the classical smart materials which 
possess excellent properties including large elastic strain, light weight, low cost and 
biocompatibility [1-6]. SMPs have been widely used in aerospace engineering, 
medicine, sensors and actuators [7-12]. Most types of the SMPs are amorphous 
[13-15], and these amorphous SMPs are generally made up of hard segments and soft 
segments [16,17]. The hard segment plays a critical role to memorize the permanent 
shapes and orientations of macromolecules, whereas the soft segment has the ability 
to response to the external stimulus and generate a transition from a “frozen” state to 
an active one [18,19]. The macromolecule chains which are composed of both the 
hard and soft segments could retain the permanent shape from their temporary one, 
therefore possessing a good shape memory effect (SME) [18,19]. Furthermore, 
multi-shape memory effect (multi-SME) can be generated in the macromolecule 
chains by combining one type of hard segment and several types of soft segments, the 
latter of which could help to fix and keep the various temporary shapes [20-24]. As 
presented in the previous papers, triple-SME has been realized in the SMPs which are 
incorporated of one hard segment and three soft segments [25-29].  
 
 
 
 Multi-SME in polymers is expected to significantly extend their practical and 
potential applications [25-27]. However, it is difficult to theoretically model and 
predict their thermomechanical and shape recovery behaviors of multi-SME in 
polymers owing to the complexity of their macromolecule structures, their thermal 
transitions and relaxation among the segments [28,29]. Meanwhile, the theoretical 
models are critical to investigate the multi-SMEs for new types of amorphous SMPs 
and explore their constitutive relationships between multi-glass transitions and shape 
recovery behaviors.  
Previously, we have established a static model to describe the unique molecular and 
structural characteristics of the SMPs after the transition process [23,24]. However, as 
far as we know, the dynamic transition and cooperative relaxation of the multi-SME 
have so far never been theoretically discussed. The cooperativity is defined as the 
degree of a group of segments to undergo relaxations simultaneously in a 
macromolecule [30-33], and the segmental relaxation can be determined from the 
intermolecular cooperativity [34]. In this article, we have, for the first time, studied 
working mechanisms and thermomechanical behaviors of the multi-SME by 
integrating phase transition theory with the Takayanagi model [35,36]. Both 
series-parallel model and parallel-series model were developed to characterize the 
dynamically thermal transition and cooperative relaxation of the SMPs with 
multi-segments. Dependences of thermomechanical behaviors on volume fraction, 
cooperative relaxation and glass transition temperatures of the segments have been 
theoretically investigated. Finally, effects of cooperative relaxation on the 
thermomechanical behavior of the SMP have been discussed.  
2. Model of the SME in SMP 
According to the phase transition theory, soft segment is composed of both the 
frozen phase and active phase. The frozen phase transforms into the active phase 
when temperature is increased into the phase transition zone. However, the influence 
of the hard segment on SMP’s modulus has not been considered in the above theory 
before. Therefore, the current phase transition model [18] does not present the 
stress-strain relationship among the different components due to the lack of 
incorporation of dynamic transition and cooperative relaxation of the different 
segments. However, it is critical to establish a dynamic model to describe the 
synergistic and cooperative effects of the hard segment and soft ones on the 
thermomechanical properties of the SMPs.  
In the first step, the SMP incorporated of a hard segment and a soft one is 
considered and discussed. The volume fraction of frozen phase in soft segment ( sW ) 
as a function of temperature can be written as [18], 
1
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where fC  and n are the phenomenological material constants [18]. When the 
temperature reaches to a high temperature ( hT ), the frozen soft segment has been 
completely transformed into the active one. Following the Takayanagi principle 
[23,35],   ( 0 1  ) is introduced as the dimensionless cross-sectional area 
perpendicular to the direction of deformation, and   ( 0 1  ) is introduced as the 
dimensionless length along the direction of deformation. In both the series-parallel 
model and parallel-series model, functions of   and   can be used to present the 
volume fractions of the hard and soft segments in the SMP macromolecules, as 
illustrated in Figures 1(a) and 1(b), respectively. Meanwhile, the soft segment and its 
dynamic transition are presented by the frozen soft segment (symbol F) and the active 
one (symbol A).  
[Figure 1] 
2.1 Series-parallel model 
As presented in Figure 1, we have the following relationship, 
1 2 3 1                                (2) 
where 1  is a constant and indicates the dimensionless length along the direction of 
deformation of the hard segment. Meanwhile, 2  and 3  are those for the active 
soft segment and frozen one, respectively. 
In the series-parallel model, the dimensional cross-sectional area perpendicular to 
the direction of deformation ( ) is unchanged. Therefore, we can obtain, 
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Integrating equations (2) and (3) into equation (1), we can use the constant 1  to 
express the variable functions 2  and 3  as a function of temperature: 
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where 
5 42.76 10 (1/ )fC K
  , n=4 and 358hT K [18]. We can set the 
dimensionless length along the direction of deformation of the hard segment ( 1 ) 
equals to 0, 0.2, 0.4, 0.6 and 0.8, respectively. As revealed in Figures 2(a) and 2(b), 
the values of 2  and 3  change correspondingly with the increase of 1 . The value 
of 2  increases slowly with temperature at the initial phase transition process but 
then increases sharply at the temperature range from 330 to 350K until reaching a 
plateau value, at different given constants of 1 =0, 0.2, 0.4, 0.6 and 0.8, respectively. 
On the other hand, value of 3  decreases with an increase in temperature, which is 
more significant at temperatures above 300K. 
[Figure 2] 
Based on the Takayanagi principle [37] and the series-parallel model, the 
mechanical properties of two phases as a function of temperature can be written as: 
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where ( )sE T  is the modulus of soft segment. hE  is the modulus of hard one, and it 
is a constant at the transition temperature range. 
From equation (5), we can obtain the boundary conditions of the SMP’s modulus in 
the phase transition process. At the initial stage, we can define ( )=s fE T E  ( fE  is the 
modulus of the frozen phase and is considered as a constant). When the temperature 
reaches hT , we now have =s aE E  ( aE  is the modulus of the active phase and is also 
considered as a constant). Therefore, equation (5) could be regarded as the boundary 
conditions for the beginning and final transitions of the gloss modulus of SMP. 
For the dynamic transition of the soft segment, hE  of the hard segment is kept as a 
constant [23]. Therefore, equation (5) could be rewritten as, 
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Combining equations (4) and (6), the modulus of SMP with the increase of 
temperature can be re-written as: 
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The volume fraction of the hard segment ( hW ) could be written as, 
11hW                              (8) 
To investigate the effects of hard segment on the dynamic modulus, it is assumed 
that 5h f aE E E   and 0.6hW  . The dimensionless cross-sectional area (e.g.,  ) 
is increased from 0.4, 0.6, 0.8 to 1.0, respectively, as shown in Figure 3(a). The 
simulation results of moduli obtained using the series-parallel model are between 
those obtained from the single parallel connection and those from single series 
connection. With an increase in value of  , the dynamic modulus of SMP tends to be 
more close to that obtained from the series connection. In the phase transition process, 
the modulus of single series connection is lower than that obtained from the single 
parallel connection at the same temperature.  
We then further study the influence of dimensionless length 1  of the hard 
segment (which is in series connection with the soft segment) on the modulus of SMP. 
The calculated results obtained from the equation (7) are shown in Figure 3(b). With 
the increase of dimensionless length, it is found that the dynamic modulus of SMP 
increases at the same temperature because the increase of hard segment (which is in 
series connection with soft segments) will cause the increase of the modulus. Based 
on the series-parallel model, parameters of   and   obtained from the series 
connection have more significant effects on the dynamic modulus of SMP than those 
obtained from the parallel connection. 
[Figure 3] 
Effects of volume fraction of hard segment ( hW ) on the storage modulus of the 
SMP will be studied further. We set 0.6   and hW 0.4 (0.5, 0.6, 0.7 or 0.8), 
respectively, as shown in Figure 4(a), while 0.4   and hW 0.4 (0.6, 0.8 or 1.0), 
respectively, as shown in Figure 4(b). With an increase of the volume fraction of hard 
segment which is in series connection with the soft region, the dynamic modulus is 
sharply increased. The dynamic modulus is much larger at the same temperature when 
more volume fraction of hard segment is in series connection with the soft segment.  
To further investigate the influence of the volume fraction of hard segment (which 
is in parallel connection with the soft segment) on the modulus, we fixed the series 
parameter   to be 0.4. Analysis results showed that with an increase of the volume 
fraction of the hard segment, the dynamic modulus increases at the same temperature. 
Results showed that the hard segment in the series connection has a more significant 
influence on the dynamic modulus as a function of temperature than that in the 
parallel connection. Both these two different types of connections make SMP more 
stiffness thus helping to fix the shape of SMP easily.  
[Figure 4] 
The simulation results of the storage modulus as a function of temperature can be 
compared with the experimental data determined by the dynamic mechanical analysis 
(DMA) [38], and the comparison results are shown in Figure 5 . Figures 5(a) and 5(b) 
plot the numerical results obtained from the series-parallel model and parallel-series 
model, respectively, while the experimental data are also plotted for comparisons. All 
the material parameters used in the proposed model could be determined from the 
DMA results, and they can then be used to describe and predict the experimental 
results of the storage modulus as a function of temperature. Results show that the 
results obtained from the theoretical model fit well with the experimental results.  
[Figure 5] 
2.2 Parallel-series model 
From Figure 2, we can obtain, 
1 2 3 1                                (9) 
where 1  is a constant which is the dimensionless area perpendicular to the direction 
of deformation of the hard segment; while 2  and 3  are those of the active phase 
and the frozen phase in the soft segment, respectively. 
For the parallel-series model, the dimensionless cross-sectional area of the hard 
segment is assumed unchanged. Therefore, we can obtain, 
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The equations (9) and (10) can be integrated with equation (2), and a constant ( 1 ) 
can be used to express the variable function ( 2  and 3 ), thus we now have: 
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Based on the Takayanagi principle [38], the parallel-series model of two phases 
could be written as, 
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Similarly, equation (12) can be assumed to describe the moduli of the SMP for the 
start and complete transition stages using the parallel-series model. 
  During the dynamic transition of the soft segment, the hard segment is assumed to 
be unchanged. So equation (12) could be rewritten as, 
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Integrating equation (11) into equation (13), the dynamic modulus of SMP with the 
increase of temperature has the following form, 
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  Based on the parallel-series model, the volume fraction of the hard segment can be 
written as, 
1 1hW                              (15) 
where parameter   indicates the effect of series connection caused by the hard 
segment. The parameter   and the volume fraction of the hard segment ( hW ) are 
kept unchanged for both the series-parallel model and the parallel-series one. Figure 6 
compares the differences of the results obtained from the two models. During the 
analysis, we set  =0.05, 0.2, 0.4, 0.5 and hW =0.6, respectively. Results showed that 
the dynamic modulus obtained from the parallel-series model decreases more quickly 
at the initial process of increasing temperature if compared with that obtained from 
the series-parallel model under the same series volume fraction of hard segment. 
Therefore, compared with the series-parallel model, the parallel-series connections 
formed between the soft segment and the hard segment accelerate the SME of the 
SMP at the beginning of phase transition. It is beneficial for the fast responses of the 
SMP upon changing the temperature. 
Moreover, the modulus values obtained from the parallel-series model are much 
less than those obtained from the series-parallel model at the same transition 
temperature range, which indicates that it’s more favorable to trigger phase transition 
of the SMP under the parallel-series condition. 
[Figure 6] 
During free recovery process, the change of the temperature-dependent recovery 
strain of SMP has the similar form as equations (7) and (14) for series-parallel and 
parallel-series model, respectively [31]. We can get the following form for recovery 
strain in series-parallel model and parallel-series one, respectively,  
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where ( )T  is the recovery strain of polymer, h , a  and f  are the recovery 
strain of hard region, active phase and frozen phase, respectively. Comparisons 
between the theoretical results and experimental data [38] have been presented in 
Figures 7(a) and 7(b). The material parameters used in the equations (16) and (17) are 
the same with those in the equations (13) and (14). It is found that the simulation 
results of obtained from the series-parallel model are in a good agreement with the 
experimental ones. The recovery strain is mainly determined by the phase transition 
of the polymer. Results show that the active phase and frozen phase of multiple soft 
segments prefer to connect with each other in the series connections.  
[Figure 7] 
From the discussion in Figure 7, the series-parallel model is more accurate to 
describe the free recovery strain of SMP with the increase of temperature. We further 
investigate the stress evolutions with respect to temperature at the constrained 
recovery process based on the series-parallel model. At temperature T, the uniaxial 
stress ( ( )T ) is, 
( ) ( ) ( )T T E T                          (18) 
The recovery strain of the hard phase is small compared with one in the soft phase, 
to simplify the constitutive modelling, we simplify equation (16) by neglecting the 
effect of the hard phase on the recovery strain, and is rewritten as follows, 
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where pre  is the pre-deformed strain at high temperature. Equation (19) also has a 
form, 
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where s  is the stored strain at low temperature. 
Equation (7) is determined by the DMA experiments, however, the thermal 
recovery process is temperature-dependent, and then the change of modulus is 
decayed. So we introduce temperature rT  to replace ( )
n
f hC T T  with 
( )nf h rC T T T   and take equation (7) and equation (19) into equation (18), we can 
get the stress evolutions with respect to temperature, 
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To verify the correction of series-parallel model, we compare this model with 
experimental data [39] of the storage modulus, free recovery strain and the stress 
evolutions at the constrained condition with respect to temperature by the same values 
of the involved parameters in Figure 8(a), 8(b) and 8(c), respectively. The simulation 
parameters are shown in Table 1. The high temperature ( hT ) during the DMA 
experiment is 317.79K in Figure 8(a) which is lower than 333hT K in free recovery 
experiment in Figure 8(b), mainly caused by the thermal rate and the shape memory 
behavior is time-dependent, so we introduce parameter rT  in equation (21) to show 
the decay change of the storage modulus at the constrained recovery condition. In 
Figure 8(a), WLF equation is used to transfer the frequency (f) into temperature to 
compare the experimental data with equation (7), and the WLF parameters 1 6.9C  , 
2 87.9C C  and 80refT C  [39]. Equation (20) is used to describe the free 
recovery of the stored strain ( 0.2s  ) with temperature in Figure 8(b). The 
viscoelastic change of the strain is caused by the release of the stored strain with the 
processing of the phase transition in soft phase. At last, the experimental data of the 
stress evolutions with respect to temperature is compared with equation (21) in Figure 
8(c). The simulation curves of the storage modulus, free recovery strain and 
constrained stress evolutions with respect to temperature fit well with experimental 
data at the same values of involved parameters. 
[Table 1] 
[Figure 8] 
3. Thermodynamic model of tunable multi-SME 
Figures 9(a) and 9(b) show illustrations of the multi-SME of SMP whose soft 
segments and hard segment are in series-parallel connection and parallel-series 
connection with the hard segment, respectively. 
[Figure 9]  
Based on Figure 9, the cooperative relaxation and corresponding changes of 
modulus of the multi-SMP with temperature are further studied. According to the 
series-parallel model, equation (7) could be rewritten as, 
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where i represents different soft segments and n represents the number of the soft 
segments. 
Based on the parallel-series model, equation (14) could be further rewritten as, 
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To study the influences of the fixed hard segment and varied soft segments on the 
dynamic modulus in SMP, the numerical analysis was performed with two different 
soft segments, and the results are shown in Figure 10. We keep the volume fraction of 
the hard segment ( hW ) fixed at 0.5, whereas we set: 1 2 1 25 5h f f a aE E E E E    , 
1 350hT K  and 2 400hT K . Figure 10(a) shows the dynamic modulus data 
obtained from the series-parallel model with 0  , 0.1, 0.2, 0.3, 0.4, 0.5 and 1 2  . 
With the increase of the volume fractions of the hard segments which are in series 
connection with the soft segments, the dynamic modulus is increased at the given 
temperature. It also shows two-stage phase transition processes with the increase of 
temperature. When the value of   equals to 0.5, the SMP (with hard and soft 
segments connected in the series-parallel connection model) presents a shape recovery 
behavior as the same as that obtained from the series connection model. At the same 
volume fraction of the hard segment, the modulus of SMP obtained from the 
series-parallel connection model reveals a rapid decrease in comparison with that 
from the series connection.  
Figure 10(b) shows the results from the parallel-series connection of one hard 
segment and two soft segments. Unlike the series-parallel model, the decrease of the 
modulus of the second phase transition process is not obvious in the parallel-series 
model. It indicates that the parallel-series connection is ineffective to trigger the 
multi-phase transition in the SMP. Meanwhile, the reduction of the modulus by 
forming a parallel connection is more significant than the series connection based on 
the parallel-series model. This clearly indicates that the series connection of the hard 
segment with soft regions prevents the occurrence of multi-SME. This phenomenon 
happens more apparently in the second phase transition process.  
[Figure 10] 
To investigate the influence of volume fraction of hard segment ( hW ) on the 
dynamic modulus, we set hW = 0.3, 0.45, 0.6, 0.75 and 0.9, respectively and the 
calculation results are shown in Figure 11. The dimensionless cross-sectional area of 
the series connection ( ) equals to 0.8 for the case shown in Figure 11(a). By 
increasing the volume fraction of the hard segment which is in series connections with 
the two soft segments, the dynamic modulus does not show obvious changes with the 
increase of temperature. Meanwhile, the modulus of SMP increases with the increase 
of the volume fraction of the hard segment at the same temperature. Figure 11(b) 
indicates increasing the volume fraction of the hard segment which is parallel with the 
soft segment has the same effect on the dynamic modulus, if compared with the series 
connection. However, increasing the volume fraction of the hard segment which is in 
the parallel connection with the soft segment does not show apparent influence on the 
second phase transition compared with the results obtained from those shown in 
Figure 11(a). Results clearly indicate that increasing the volume fraction of the hard 
segment which is in parallel connection with the soft segment is an effective way to 
increase the modulus of multi-SMP based on the series-parallel model. Also this will 
not apparently affect the multi-SMEs in the SMP.  
Using the parallel-series model, results presented in Figures 11(c) and 11(d) show 
the similar result. Increasing the volume fraction of the hard segments which are in 
series connection with the soft segments will not cause apparent multi-SME, although 
this will affect more on the second phase transition process. Therefore, increasing the 
volume fraction of the hard segment which is in parallel connection with the soft 
segment is the best way to increase the modulus of multi-SME obtained from both the 
models. Finally, results also show that the series-parallel model will result in a more 
significant multi-SME compared with the parallel-series model with different volume 
fractions of the hard segment. 
[Figure 11] 
To verify of the simulation results using the proposed model, the experimental data 
[40] obtained from a triple-SME are used for comparison, as shown in Figure 12. As 
presented in the previous work [40], a two stage shape recovery of epoxy-based SMP 
occurred at 330 K and 350 K. The moduli of the hard segment, and the two active 
segments are hE =1554.31MPa, 1aE =60MPa and 2aE =20MPa, respectively. The 
other materials parameters determined from the DMA measurements are listed in 
Table 2. Here, the simulation results of the parallel-series model are employed to 
predict the elastic modulus as a function of temperature. Results show that the volume 
fraction of the soft phase in the first stage transition is much less than that in the 
second stage transition. The initial recovery process of the second stage transition is 
not apparent because the change of the modulus is small insignificant compared with 
that of the first stage transition. Results show that the simulation results of 
series-parallel model are in a good agreement with the experimental ones. 
[Table 2] 
[Figure 12] 
Figure 13 investigates the cooperation relaxation process of the SMP. We set the 
complete transition temperatures into four different soft segments: e.g., 1 330 ,hT K  
2 340hT K , 3 360hT K , 4 400hT K , based on two models. Results show that if 
the transition temperature ranges of two soft segments are very close between each 
other, the multi-SME becomes unobvious with the increase of temperature. This 
suggests that the occurrence of multi-SME is strongly dependent upon the 
temperature interval of each soft segment. Using the parallel-series model, the 
calculated modulus decreases significantly at the initial stage but the decrease rate 
becomes much lower afterwards, indicating that the multi-SME is not obvious for the 
parallel-series connection mode. Clearly, the numerical analysis suggests that the 
series-parallel model is more suitable to describe the mechanisms of the multiple 
shape memory behavior and describe the cooperation relaxation process of different 
soft segments. 
[Figure 13] 
From the above discussions, the series-parallel model is more suitable to describe 
the occurrence of the multi-SME. Based on the series-parallel model, effect of the 
transition temperature interval of two soft segments on the multi-SME was further 
studied and the results are shown in Figure 14. The reference temperature is set to be 
1hT =310K, 2hT =340K, 3 370hT K , 4 400hT K  and 5 430hT K . It is clear that 
the dynamic modulus is changed linearly in the identical temperature interval for the 
different soft segments. With the increase of temperature interval between two near 
transition stages, the SME becomes more obvious. This series-parallel model is useful 
for the design of the multi-SME in SMPs a variety of transition temperature interval 
of the different soft segments. 
[Figure 14] 
In summary, the parallel-series model is more suitable for describing the single 
SME whose connection mode accelerates the decrease of modulus compared with that 
from the series-parallel model. Whereas the occurrence of the multi-SME needs a low 
volume fraction of hard segment which is in series with the different soft segments. A 
better way to increase the modulus of multi-SMPs is to increase the volume fraction 
of the hard segments which are in parallel connection with soft segments. Different 
soft segments which are in series connection with each other will have a better effect 
on multi-SME than those from the parallel connection. Meanwhile, the relaxation 
temperature interval for different soft segments should be extended to a proper range 
to enable the SMPs with multi-SME. 
4. Conclusions 
In this study, a dynamic model was proposed to describe the unique characteristics 
of the mechanisms of multi-SME for the dynamic phase transition of different soft 
segments with the increase of temperature. Both the series-parallel model and the 
parallel-series model were used to investigate the working mechanisms of 
multi-SME in amorphous SMPs. Effects of the volume fraction and connection 
mode of hard segment on the multi-SME were systematically studied. Based on the 
phase transition theory, effects of molecular structure characteristics on the dynamic 
changes of modulus were further investigated. From the numerical analysis of our 
proposed series-parallel and parallel-series model, we obtain the design principle in 
molecular scale which is favorable to trigger the multi-SME in the amorphous SMPs. 
This study is expected to provide a powerful tool to understand the working 
mechanism and provide theoretical guidance for the design of multi-SME in SMPs. 
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Table 1. Material parameters for equation (7), (20) and (21) 
fC (1/K
n) n   1  ( )aE MPa  ( )fE MPa  ( )hE MPa  ( )rT K  
2.45*10-5 4.26 0.887 0.018 2.1 636.719 636.71 7.79 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  
 
 
 
Table 2. Material parameters for equation (23) 
    1  2  1fC  2fC  1n  2n  
62.83 10  0.3 0,173 0.527 127.36 10  99.80 10  9.87 10.76 
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Figure 4. Numerical analysis of the effect of volume fraction of hard segment on the 
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Figure 10. Numerical analysis results of the connection modes on the dynamic 
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parallel-series model 
Figure 11. Numerical analysis of the influence of volume fraction of the hard segment 
on the dynamic modulus in (a) and (b) series-parallel model and (c) and (d) 
parallel-series model 
Figure 12. The comparison between experimental data [40] of the modulus and the 
simulation results of parallel-series model for triple-SMP with two transition 
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Figure 13. Numerical analysis results of the cooperative relaxation behavior 
happened in different temperature intervals based on the series-parallel model and the 
parallel-series model 
Figure 14. Numerical analysis results on the effect of the transition temperature 
interval between two soft segments on the multi-SME 
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